Recently, we proposed a new method to extract the string tension from 4-dimensionally smeared Wilson loops. In this talk, we first show that the results obtained using this smearing method are identical to those obtained by Wilson flow, once the time step is sufficiently small. We then demonstrate the practical advantage of our method by applying it to the calculation of string tension in SU(3) Yang-Mills theory.
Introduction
It is well known that Wilson loops of large size are quite noisy. The usual way to circumvent this difficulty is to apply 3-dimensional smearing to spatial link variables, and string tensions are then extracted from the smearedpotential [1] . Recently, we proposed a new method to calculate string tension from 4-dimensionally smeared Wilson loops [2, 3] . The string tension is extracted directly from the continuum limit of Creutz ratios.
Recently, Wilson flow became a standard technique to regularize local operators in which local link variables are evolved along fictitious time t [4] . Link variables at t are essentially the average of the original link variables in a spherical region of size √ 8t in 4-dimensional space-time. Thus, by definition, Wilson flow is closely related to the 4-dimensional smearing method [5] .
In this talk we first explain our 4-d smearing method, and then demonstrate that the same results are obtained when using Wilson flow instead, provided that the time step ∆t of the numerical time evolution is sufficiently small. Previously the method was used in the context of extracting the string tension for the large N limit of SU(N) gauge theory, and comparing it with the result of reduced models [6, 7] . Here we will apply it to SU(3) Yang-Mills theory. To test the scaling of the results we will study three different values of the coupling while keeping constant the physical size of the box. Apart from the string tension we will also obtain a continuum function built in terms of Wilson loops. We will then compare our results to those obtained from spatially smearedpotential.
4-dimensional Ape smearing
We consider 4-dimensional Ape smearing defined by [8, 5] 
where Proj SU (3) stands for the operator for projection onto the SU(3) matrices. As explained in Ref. [5] , for sufficiently small steps ∆t = f /6 the smearing procedure should scale with the variable t = f n s /6, where n s denotes the number of smearing steps. In the next section, we will show that the same results are obtained from Wilson flow at the fictitious time equal to t. In the literature, it is customary to apply 3-dimensional Ape smearing to spatial link variables to obtain smearedpotential with small noises [1] . On the other hand, 4-dimensional Ape smearing is not extensively used so far [9] , because smeared Wilson loops and smearedpotentials have huge t dependences. As an example, In Fig. 1 , we show the t dependence of a Wilson loop and in Fig. 2 , that of the discretizedpotential V (R,
with integer R and half-integer T . The simulation has been made on a 32 4 lattice at β = 6.17 with f =0.1. The smeared Wilson loops can be considered regulated versions with t playing the role of an ultraviolet cut-off. The divergences of these quantities imply then a strong t dependence as we approach the continuum limit.
Our proposal is rather to consider Creutz ratios
with half-integer R and T . Since Creutz ratios χ(R, T ) are free from ultraviolet divergences, we expect that the smeared quantities have a well defined t → 0 limit. As an example, in fig. 3 we show χ(5.5, 5.5) as a function of t at β = 6.17 with f =0.1. Notice however that, for small values of t, χ(R, T ) has huge errors. This is understandable since the Creutz ratios are constructed in terms of the ultraviolet divergent quantities which are affected by large errors. On the other hand as we increase t, the error drops considerably. The t-dependence of Creutz ratios is understandable and computable in perturbation theory. Restricting ourselves to not too large values of t this suggests a parameterization of the type
which, as seen in fig. 3 , perfectly fits the data. It is clear that around t ∼ 0.4 the curve is essentially horizontal and its value gives a good estimate of the t → 0 limit. However, to avoid fitting a constant within a subjective range, it is much better to use the previous functional form and fit also the values for t > 0.5. For small loop sizes, Creutz ratios generally have small statistical errors. As an example, we show in fig. 4 the t dependence of χ(1.5, 1.5). The necessity of using smearing is then not clear. However, notice that the fit with (2.3) is indeed quite good. It should be noted that, for small loop sizes, the existence of the parameter c is crucial to fit the data. The smeared Creutz ratio monotonically decreases as we increase t, implying that there is actually no plateau. 
Relation with Wilson flow
As mentioned earlier the smearing dependence is actually better expressed in terms of t. This is clearly seen in Fig. 5 where results for three different values of f are compared. We also analyzed the dependence of the result on the regulating method. For that purpose we applied Wilson flow with fictitious time t, defined by [4] We have used third-order Runge-Kutta scheme with ∆t = 0.01. In fig. 6 , we compare the results obtained from 4-d smearing ( f =0.1) with that from Wilson flow. It is obvious that both methods give identical values of the smeared Creutz ratios once the time step f is sufficiently small. A slight f -dependence is observed when computing the scale t 0 defined by t 2 E t=t 0 = 0.3 [4] , with E evaluated from the lattice version of F µν . The result is displayed in Fig. 7 and compared with the result obtained by Wilson flow. These slight discretization errors, however, do not affect the t → 0 extrapolation of Creutz ratios.
Concerning the dependence of the parameters of the fit on the size of the loop, perturbation theory predicts that b ∼ 25/R 2 . Indeed, our data agrees with a dependence on 25/(R − 0.5) 2 , which is consistent with this prediction up to discretization effects.
Application to SU(3) Yang-Mills theory
In order to demonstrate the practical usefulness of our method, we have applied it to the SU(3) Yang-Mills theory and calculated the string tension and the continuum version of the Creutz ratios for that case. To monitor scaling behaviour we have made simulations at three lattices having approximately equal physical size as shown in Table 1 . The scaler was defined in Refs. [2, 3] and its definition will be given later. In this talk, we will concentrate on the diagonal Creutz ratios χ(R, T ) with R = T , although there are a lot of interesting physics in off-diagonal χ(R, T ) [2, 3] . 4 5.96 1000 0.2117(5) 2.794(3) 1.001(2) 32 4 6.17 300 0.1499(2) 5.506(7) 0.995(2) 48 4 6.42 100 0.1052(3) 11.17(3) 0.994(3) In Fig. 8 we display the results obtained for the diagonal Creutz ratios χ(R, R) using the 4d smearing method described earlier. The statistical error are too small to be seen at the scale of the plot. To analyze scaling it is better to consider the quantity R 2 χ(R, R) which in the continuum limit tends to a dimensionless function as follows:
where r = Ra. The functionF(r) can be written in terms of Wilson loops as follows:
where W t (r, r ′ ) is the continuum Wilson loop regulated with smearing parameter t. Although lim t→0 W t (r, r ′ ) is not well-defined, it is in the expression ofF(r). The scale a(β ) can be fixed by any method. However, one can use the information of the Creutz ratios themselves to obtain them in units of a new scaler (á la Sommer), defined by the equationr 2F (r) = 1.65 [2, 3] . In applying the previous ideas to our data, we first realize that, in the range of R values explored, the Creutz ratios can be perfectly fitted by a second degree polynomial in 1/R 2 . Combining this with the previous information we might write given in terms of 6 fitting parameters σr 2 , γ, d,
. The fit has a reduced chi square of χ 2 /ndf=1.05, and the fitted parameters are
plus the values of a/r given in Table 1 . In Fig. 9 we display the data together with the fitting function for the three values of β . Although the three curves and the data coalesce for large values of r, they are clearly different at smaller r. The difference is perfectly accounted for by the expected correction to scaling given in terms of the single parameter d. Using the measured value of this parameter we display in Fig. 10 the result for the continuum functionr 2F (r) obtained from our three values of beta. Scaling is almost perfect. Notice that the resulting function provides a continuum observable of pure gauge theory which had not been measured before. The use of the new unitr has allowed us to give a self-contained determination of the continuum function. However, the ratio of scales a(β = 6.17)/a(6.42) = 1.4249(45) is independent of the choice of units. This ratio matches perfectly with the result following from the formula of Ref. [10] , which is 1.4252. It also agrees within errors with the value given in Ref. [4] On the other hand, for 4-d smearing, we use Wilson loop W (R, T ) with finite R ≈ T , and the resultant expression of the Creutz Ratio is given in eq. (4.4).
In conclusion, we have presented a method based on 4-dimensional Ape smearing that allows a precise determination of Creutz ratios. We showed that the results are insensitive to using Wilson flow instead. The method is applied to SU(3) pure gauge theory allowing to compute a physical function of length which is the continuum equivalent of Creutz ratios, and whose large size limit is the string tension.
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